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I. INTRODUCTION

The understanding of the connection between spectral
properties of classically chaotic systems with a few degrees
of freedom and random matrix theorysRMTd was not imme-
diate. The reason was that RMT had been originally devel-
oped in nuclear physics and for a long time had been con-
ceived as a statistical approach to spectral fluctuations of
complex nuclei, atoms, molecules, etc.f1,2g.

The applicability of the RMT predictions for quantum
chaos was not fully recognized until Bohigaset al. f3g stated
the conjecture: “Spectra of time-reversal invariant systems
whose classical analogues are K systems show the same fluc-
tuation properties as predicted by the GOE.” Definintions of
Gaussian orthogonal ensemblesGOEd and two other random
matrix ensembles GUE, GSE can be found inf1,2g. The K
systems are classical systems with the strongest mixing. In
the same paper, an alternative stronger version of this con-
jecture was also stated, whereK systems were replaced by
less chaotic ergodic systems. Both forms of this conjecture
are referred to as a Bohigas-Giannoni-Schmit conjecture. For
other symmetry classes, the GOE is replaced by GUE and
GSE, respectively. It is worth noting that this conjecture was
stated without a reference to the semiclassical regime, i.e., to
the limit "→0. The universality of Poisson spacing distribu-
tion Pssd=exps−sd, obtained by Berry and Taborf4g for in-
tegrable models may be considered as the analog of the
Bohigas-Giannoni-Schmit conjecture in such cases. But, as it
will be reviewed in the next section, nearest neighbour spac-
ing sNNSd distributions obtained for systems near to being
integrable may be distinctively different from this distribu-
tion. Therefore, a question appears whether these distribu-
tions have some common features which would distinguish
them from those belonging to the chaotic systems. Presented
below concepts were formulated on the basis of an observa-
tion that significant in the context of quantum integrability
are smoothness classes of spacing distributions.

II. SOME SYSTEMS WITH EXCEPTIONAL
SPACING DISTRIBUTIONS

Since the publication of the paperf4g, it has been known
that for generic quantum integrable systems Poisson spacing

distribution can be derived. It is possible to expect that spac-
ing distributions, obtained for systems for which some rem-
nants of integrability will preserve should share some com-
mon features with Poissonian distribution. Below we will
present some of such systems paying special attention to
discontinuities of their spacing distributions. After this re-
view has been completed, we would formulate an appropri-
ate corollary, linking this specific feature of spacing distribu-
tions with one aspect of quantum integrability. We begin our
discussion with the most popular quantum systems.

Harmonic oscillators

In the paperf5g it has been shown that for these systems,
whose integrability is rather obvious, a phenomenon of the
nonexistence of spacing distributions or, in other words, non-
convergence of spacing histograms appears. For oscillators
with commensurable frequencies havingf degrees of free-
dom, the level density takes the form

rsUd = o
l=0

`

ald„U − sl f/f!d…, s1d

whereal is equal to the number of permutations off nonne-
gative integers whose sum isl. The leading term for largel,
which underestimates its true value is

al → l f−1/sf − 1d! as l → `. s2d

The level density formulas1d shows no signs of stochasticity
and the spacing distributions obtained for a particular num-
ber of energy levels are composed of a separate Dirac’s delta
functions. Spacing distributions obtained for two two-
dimensional harmonic oscillators having incommensurate
frequencies are presented in Figs. 1sad and 1sbd. There can be
observed strong oscillations and discontinuities of histo-
grams. These examples are representative of the whole class
of oscillators with incommensurate frequencies.

Systems with mixed phase space

In 1984 Berry and Robnikf6g calculated semiclassical
limiting level spacing distributions for systems whose clas-
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sical energy surface was divided into separate regions in
which motion was regular or chaotic. There was made an
assumption that the spectrum was a superposition of the sta-
tistically independent sequences of levels from each of the
classical phase-space regions. Sequences from regular re-
gions were proposed to have the Poisson spacing distribu-
tions, and for the ones from irregular regions spacing distri-
butions were given by the Wigner surmisesi.e., GOE spacing
distribution approximation cf.f2gd. While performing the su-
perposition of level sequences, it was assumed that there
were N sequences of levels with mean densitiesri propor-
tional to Liouville measures of appropriate regions. The NNS
distribution for the full spectrum was obtained in the form

Pssd =
1

r

d2

ds2Fe−r1sp
i=2

N

erfcSÎp

2
risDG , s3d

where

erfcsxd ; s2/ÎpdE
x

`

dt e−t2

and r=oi=1
N ri. For systems with three or more degrees of

freedom f, Arnold diffusion ensures that there is just one
chaotic region forming a connected web, whereas whenf
=2 there are, generically, infinitely many chaotic regionsf7g.

In such cases, it is expected that, in practice, formulas3d will
be applied for finiteN, with N being the number of chaotic
regions considered to have the significant measure. From the
reminded result, it is possible to calculate the value of the
spacing distribution ats=0 which is

Ps0d = r −
1

r
o
i=2

N

ri
2

= rS1 −
1

r2o
i=2

N

ri
2D

= rS1 −
oi=2

N
ri

2

soi=1

N
rid2D ù 0. s4d

We interpret this result as similar to the discontinuity of
spacing distribution at zerofwith the assumption thatPssd
=0 for s,0g which appears in the Poissonian case.

The derivation presented above, from which the nonzero
value of spacing distribution at zero was obtained, requires
uniform level densities on the considered interval and, there-
fore, there may appear some questions about its applicability.
The assumption that level sequences supported by different
regular and irregular regions in the classical phase space are
statistically independent, also might not be strictly satisfied.

FIG. 1. Level spacing distributionsfTDHOssd for two-dimensional harmonic oscillators with frequency ratioa. sad a=1/Î2, sbd a
=1/Î7. For both figures 50 000 levels from 75 000 level were processed.
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Indeed, according to the recent results obtained by Podolskiy
and Narimanovf8g, when the dynamical tunneling is taken
into account, the prediction about the nonzero value of spac-
ing distribution at zero no longer holds. As these results are
relatively new, it is not entirely clear whether the assumption
that “chaos-assisted tunneling leads to the level repulsion
between any two regular levels via an8intermediate’ state”
f8g, is always true, we have discussed here inferences which
can be drawn from the Berry-Robnik distribution.

The hydrogen atom in the magnetic field

For such an atom, the Hamiltonian in the homogeneous
constant magnetic fieldB in z direction reads

H =
p2

2m
−

e2

r
− vLLz +

1

2
vL

2sx2 + y2d, s5d

with r =Îx2+y2+z2 and wherevL=eB/2mc is the Larmor
frequency. With increasing magnetic field strength it also in-
creases the volume of classical’s phase space chaotic parts.
When the magnetic field is expressed in natural units, the
system is described in the rotating frame with the frequency
equal to Larmor frequencyvL, and in cylindrical coordinates
sr=Îx2+y2,zd, then for fixed M values, the Hamiltonian
readsf9g

H =
1

2
spr

2 + pz
2d +

M2

2r2 −
1

Îr2 + z2
+

1

8
g2r2, s6d

wherepr andpz are momenta inr andz directions whileg is
proportional to the magnetic fieldB. The Hamiltonians6d has
the scaling property Hsp ,r ,gd=g2/3Hsg−1/3p ,g2/3r ,1d.
Therefore, all properties of this system depend only on the
scaled energye=g−2/3E. The spacing distribution foreù
−0.12 is similar to GOE distribution. The reason for this
similarity is that, in spite of the fact that the Hamiltonians5d
is not invariant under time reversal, it is invariant under the
product of a reflection about any axis perpendicular to thez
axis and the time-reversal operator. Zakrzewskiet al. f9g
made the following observation. Being very close to the ion-
ization threshold, the nearest-neighbor spacing distribution
deviates from the Wigner surmise as is shown in Figs. 2sad
and 2sbd. This is caused by an almost complete absence of
spacings larger than about 1.7 mean level spacings, whose
effect is also responsible for the discontinuity of spacing dis-
tribution at this point. The underlying reason for such behav-
ior is that although classical motion is chaotic here, the dia-
magnetic term in Eq.s6d confines the motion only in the
sx,yd plane. In thez direction, the electron can move very far
away from the proton. At so large distances, the Hamiltonian
is the sum of two integrable parts

H . Hsep= Hz + Hr =
pz

2

2
−

1

uzu
−

pr
2

2
−

g2r2

8
, whenuzu @ r.

s7d

It has also been shown inf9g that this effect can also be
described by a regular Hamiltonian coupled to a chaotic one
modeled by a random matrix.

Quartic oscillator

This system defined by the following Hamiltonian

H =
px

2 + py
2

2
+

x2y2

2
+

bsx4 + y4d
4

s8d

was also analyzed in the manner which was interesting for us
in the Ref.f9g. According tof10,11g and references therein,
the classical motion of this system is chaotic in the limitb
→0. The spacing distributions for the states of this system
which are symmetric and antisymmetric with respect to thex
and y axes are replotted in Figs. 3sad and 3sbd, respectively
sthe parameterb was taken equal to zerod. Also, in the case
of this system, the lack of large spacings can be observed,
which manifests itself as a discontinuity of a spacing distri-
bution; cf. Fig. 3sad. The occurrence of such an effect can be
explained by the adiabatic separation of variables in the
neighborhood of a certainchannel orbit, which is defined as
an adiabatic well. In such a case, some energies of the sys-

FIG. 2. Cumulative nearest spacing distributions for hydrogen
atom in magnetic field, in insets spacing distributions themselves.
Levels near ionization threshold are considered. Insad from interval
f−0.4g ;−0.3gg; in sbd from interval f−0.2g ;−0.1gg. fFigures re-
printed with permission from J. Zakrzewski, K. Dupret, and D.
Delande, Phys. Rev. Lett.74, 522 s1995d. ©1995 by the American
Physical Societyg.
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tem are given by the local adiabatic Hamiltonian, which is
integrablef11g

en,m = HsSi = m+ ai/4, S' = n + a'/4d, s9d

in formula s9d S' andSi are action components respectively
perpendicular and parallel to the channel orbit andai anda'

are relevant Maslov indices andb=0.01. Therefore, the
eigenenergies may be written as

en,m = s− a/bdsm+ ai/4d + sn + a'/4d/b, s10d

reducing part of the system spectrum to the spectrum of the
two dimensional harmonic oscillator. The reliability of such
an approximation, which in fact predicts presence of the
EBK quantized levels in the spectrum of this system may be
checked in Tables I and II of Ref.f11g which contain com-
parison of eigenenergies numerically computed and obtained
by means of adiabatic Hamiltonians10d. It should be noticed,
however, that from the analysis of Fig. 3sbd it is possible to
conclude that to obtain significant discrepancies between

RMT predictions and experimental data the density of regu-
lar levels cannot be arbitrarily small.

One-dimensional box with spin state dependent size

A strange spacing probability distribution plotted in Fig. 4
had been found in a system introduced by Ruijgrok and
Sokalskif12g and was further investigated by Sułkowski and
Sokalskif13g. This system consists of a particle which pos-
sesses half integer total angular momentum. The particle is
subjected to a constant magnetic field and moves in a one-
dimensional box with hard walls. It is changing its properties
se.g., linear dimensiond as a result of the coupling between
the magnetic field and angular momentum, therefore one
may think of it as of the paramagnetic atom. On the other
hand, it could be assumed that the box extends from −a to a
when the atom is in the stateu 1

2 , 1
2l and from −b to b when it

is in the stateu 1
2 ,−1

2l. It is also assumed thatb.a. The
Hamiltonian of this system has the form

Ĥ = p̂y
2 + k2ŝx + Vsyd, s11d

with

Vsyd = 0.5hfV1syd − V2sydgŝz + fV1syd + V2sydg1̂2j,

V1syd = H0, if y , uau,
+ ` , if y . uau,J

V2syd = H0, if y , ubu,
+ ` , if y . ubu,J

wheresx andsz are Pauli spin matrices. When the spin does
not collide with the walls, the equations of motion are inte-

grable, second integral of motion isŜx
H=1/2sx

H swhere H

FIG. 3. Cumulative nearest neighbor spacing distributions for
the quartic oscillator. In insets the pacing distributions. On the left
are shown series of states symmetric with respect to thex and y
axes. On the right there are shown series of states antisymmetric
with respect to thex andy axes.fFigures reprinted with permission
from J. Zakrzewski, K. Dupret and D. Delande, Phys. Rev. Lett.74,
522 s1995d. ©1995 by the American Physical Societyg.

FIG. 4. The probability density distribution of the dimensionless
spacingfEssd for one-dimensional box with spin dependent sizes,
there are also presented analytically predicted probability distribu-
tions for Is3d modelsdashed lined and GOEs3d sdotted lined. Appro-
priate models are defined in Sec. III and inf13g splot taken from
f13gd.
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denotes Heisenberg’s pictured. Let us now investigate what
happens when a collision occurs. Since it is almost instanta-
neous, we can neglect the precession of the spin aroundx
axis whose rate is given by a Larmor frequency. Then, at the
neighborhood of pointy=a the Hamiltonian takes the form

Ĥ = p̂y
2 + 0.5V1sadsŝz + 1̂2d s12d

and it is easy to verify thatŜz
H becomes the second invariant

of motion for this systemsanalogous analysis may be per-
formed near the second turning pointd. The spacing distribu-
tion obtained by us inf13g, is presented in Fig. 4. Despite the
fact that classical time evolution of the system is almost
entirely integrable, the spacing distribution for this system
does not reveal the Poissonian character. Instead, a peak can
be observed, which might suggest the existence of a spacing
distribution singularity for this system. The procedure which
should be performed in order to explicitly show EBK quan-
tized level in the spectrum of this system is similar to the one
which will be described in the next paragraph for quantum
graphs. This is a case because for the system considered,
there are known appropriate secular equationssfor symmet-
ric and antisymmetric levels, respectivelyd f12g. Neverthe-
less, due to the fact that such procedure in this case is rather
involved and relies on some approximations it will be given
elsewhere.

Finite quantum graphs

Quantum graphs have recently been the subject of intense
studiesf14,15g. The graph can be defined as a set ofV ver-
tices connected byB bonds. The eigenfunctions of the graph
are completely determined by their values at the vertices
hwij. At any bondsi , jd, the componentCi,j can be written as

Ci,j =
eiAi,jx

sinkLi,j
„wi sinfksLi,j − xdg + wie

−iAi,jLi,j sinkx…,

s13d

whereAi,j =−Aj ,i is a magnetic vector potential andk is the
wave number. The substitution ofCi,jsxd given by s13d for
i , j =1, . . . ,V into appropriate current conservation conditions
leads to a set of linear homogeneous equations for thew’s,
which has a nontrivial solution when the determinant of its
coefficient’s matrix equals zero. This condition leads to a
secular equation, which can be solved numerically to provide
an arbitrary large sequence of eigenvalueshknj. It occurs that,
for quantum graphs, periodic orbits proliferate exponentially
with the length of periodic orbit. Therefore, topological en-
tropy, defined as

L = lim
l→`

lnfNsldg
l

, s14d

wherel is the length of the periodic orbit andNsld is the total
number of orbits of lengthøl, has a positive value and is
approximately equal to an average valency of a vertex. The
phase space of such systems is bounded and, therefore, the
dynamics of particles is mixingf16g. For some quantum
graphs like, for example, for tetrahedron and completely
connected pentagon numerically obtained spacing distribu-

tions are already knownf15g. Distributions obtained for both
of these systems are good approximations of GOE predic-
tions for chaotic systems. However, in spite of what might be
expected from the considerations concerning topological en-
tropy, this is not a general rule for quantum graphs. This
observation may be illustrated by results for the three bond
star fcf. Fig. 5sadg with all bonds having different lengths in
Fig. 6sad and for the circle with diameterfcf. Fig. 5sbdg in
Fig. 6sbd. In both cases, singularities in the spacing distribu-
tion obtained for those systems can be observed.

Moreover, there are, quantum graphs for which, due to
their simplicity, it is possible to obtain analytical expressions
for spacing distributions. Starting from appropriate spectral
equations the authors of workf15g were able to find such
formulas for several graphs. Let us begin this short resume
with a graph consisting of two loops attached to a single
vertex forming an eight shape figure, for which spacing dis-
tribution has the form

PsDd = 51

2
, if 0 , D , 2,

0, otherwise.
6 s15d

As another example let us consider a graph composed of a
bond and a loop attached to a vertex. For this graph, spacing
distribution has the formPsDd→ l2/ sl1+ l2d when D→0.
Next we would like to present results for the graph having
the shape of three-bond star. It was possible to obtain an
approximate expression for this graph’s spacing distribution
in the case when two bonds have equal lengths, for instance
l3= l1. Then, for values ofl1 andl2 from certain intervals, it is
possible to write the spacing distribution as

PsDd = 2l1Sl2 +
l1
2
DL−2 + a0 +

3l1
4p2

4L4 D2 + OsD4d, s16d

wherea0 is a constant. For graphs with disconnected bonds,
i.e., those obtained by imposing Dirichlet boundary condi-
tions on the vertices and called sometimes “integrable
graphs,” the spacing distribution reads

PsDd = o
k=1

n

o
jÞk

n
lk

Ltot

l j

Ltot
F p

iÞh j ,kj

n S1 −
l i

Ltot
DDGQSLtot

l1
− DD

+
l1

Ltot
Fp

iÞ1

n S1 −
l i
L1

DDGSD −
Ltot

l1
D , s17d

where l1 is the largest length of the graph, andLtot=oi=1
n l i.

The Poisson distribution is obtained in the limitl1/Ltot→0.

FIG. 5. sad Three bond star;sbd circle with its diameter.

FINITE-ELEMENT DISTRIBUTIONS AS AN… PHYSICAL REVIEW E 71, 046206s2005d

046206-5



Another distinctive feature of spacing distributions obtained
from the formulas17d is the existence of maximum spacing.

Presented results show that, for simple graphs, spacing
distributions generally depend on the topology of the consid-
ered graph and are significantly different from GOE distribu-
tion. Such a distribution should be expected for systems with
presently considered symmetry properties whose classical
dynamics is mixing. A more careful look at their continuity
properties shows that they possess one common feature. As it
can be easily seen, distributionss15d–s17d can be character-
ized by nonzero values for null spacing, or in other words by
discontinuity of spacing distribution at null spacing indicat-
ing, characteristic for integrable systems, clustering of levels
f4g.

The correlation between a simple structure of the graph
for all discussed here simple graphs and properties of ob-
tained for them spacing distributions seems to be evident. It
can be understood when properties of the propagator are
taken into account. In the case of multiple connected spaces,
it can be written as a sum over irreducible loops in the con-
figuration spacef17g:

Ksx9,x8,Ed = o
a

xaE Dfxstdge−si/"dSafxstdg. s18d

In the general case, when explicit expression of formulas18d
becomes very complicatedf18g, the levels with GOE like

spacing distribution are obtained. However, in the case of
some graphs, where parts of this sum are relatively simple,
some levels which are poles of different parts of the sums18d
might be quantized according to the EBK rules. Below, we
present obtained factorizations of spectral equations for sev-
eral simple graphs. The possibility of performing such fac-
torizations means that the spectra can be decomposed into
several subspectra. As will be shown after the presentation of
these examples, usually one part of obtained equations has
zeros which are given by a very simple formula allowing to
write corresponding energies in the form which resembles
the EBK quantization condition.

First, we consider an eight shape graph. The numerator of
the secular equation takes the form

sinskl2dcosskl1d − sinskl2d + sinskl1dcosskl2d − sinskl1d = 0

s19d

and the whole equation after the factorization of the numera-
tor and simplification reads

sinfksl1 + l2d/2gfcosskl1/2dcosskl2/2dg−1 = 0. s20d

Then for a loop and a bond connected to a vertex one has

FIG. 6. The probability density distribution of the dimensionless spacing forfgraphssd for: sad three bond star,sbd circle with its
diameter.
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2 cosskl1dcosskl2d − 2 cosskl1d − sinskl1dsinskl2d = 0

s21d

and the numerator can be simplified to

2 sinskl2/2df2 sinskl2/2dcosskl1d + sinskl1dcosskl2/2dg = 0.

s22d

As the last but one example, we would like to take three-
bond star graph

sinskl1dcosskl2dcosskl3d + cosskl1dsinskl2dcosskl3d

+ cosskl1dcosskl2dsinskl3d = 0. s23d

The secular equation for this system can also be written in
the form

hsinfksl1 + l2 + l3dg + sinskl1dsinskl2dsinskl3dj

3fsinskl1dsinskl2dsinskl3dg−1 = 0. s24d

The second factor of this equation does not provide any new
zeros. The first one, however, has a simple structure but it is
not written as a product. Therefore, we have performed nu-
merical investigations in order to check if the values of en-
ergy levels are somehow correlated with linear combinations
of bond lengths. We have checked values of the wave vector
written in the form

k = pYSo
i=1

3

ail iD for ai = − 3,− 2, . . . ,3 s25d

for the three-bond star with bond lengthsl1=148.492424,
l2=181.8653348,l3=329.8672287. In Table I, we present a
small part of the obtained results. For 10 000 checked in this
manner levels from the middle part of the obtained earlier
spectrum consisting of 80 000 levels, we have been able to
identify 4504 levels always obtainingk=p / l i where i
=1,2,3. Thesame procedure with the same accuracy when
applied to the spectrum of graph having the shape of tetra-
hedron failed to identify any levels. Therefore, we conclude
that, also in this system, it is possible to decompose the
energy spectrum into several subspectra, among which sev-
eral are very easy to compute. The case of graphs with dis-

connected bonds is trivial, since the eigenvalues are obtained
from equations

sinkli = 0, for all i .

From presented calculations performed for several simple
quantum graphs, we infer that for each of these graphs the
existence of some important periodic orbit with lengthL
which may be written as a linear combination of graph’s
lengthsL=oiail i, may be postulated. Such an orbit may be
then associated with a certain irreducible loopg in the phase
space of the graph. The action along this loop is given by

Ig =
1

2p
R

L

"kmdx=
1

2p
"kmL =

1

2p
"

2mp

L
L = m". s26d

In formula s26d we have used the fact that, for all our ex-
amples, the value of a wave vectork is given by zeros of
function sinskL/2d and, therefore,km=2mp /L. Energies of
these levels are therefore given by the usual EBK formula

Em = HsIg = m"d, s27d

whereH is a classical Hamiltonian and appropriate Maslov
index equals zero. Our point is that the formulas27d holds
only for certain energies, where the wavelength of the wave
function distinguishes one closed loop in the phase space of
the system considered, which gives the origin to the EBK
quantization condition. Therefore, such a phenomenon has
no classical analogy. Proposed explanation does not contra-
dict the fact that the value of particular energy level should
be obtained by means of performing an infinite summation
over all possible closed orbits. Our procedure differs from
the generic case only by the summation of paths belonging to
this special irreducible loop in the phase space, which is
possible due to the additive properties of the formulas18d.
Therefore, in this way we are able to obtain only a part of the
energy spectrum.

From the above presented examples it can be inferred that
even slight remnants of regular behavior of quantum sys-
tems, by which we mean the presence in their spectra of the
EBK quantized energy levels are correlated with discontinui-
ties of spacing of the systems considered. This observation
can be generalized and written in a form of a corollary de-
scribing the connection between finite elements distributions
and integrability of quantum systems.

Corollary. Discontinuity or singularity of the spacing dis-
tribution may be taken as a premise that in the spectrum of a
quantum system exists a sequence of energy levels which are
almost exactly quantized in accordance with the Einstein-
Brillouin-Keller formula. The same may be expected if ap-
propriate higher derivatives discontinuities appear for sig-
nificant three- and four-point finite elements probability
distributions.

As the EBK quantized levels, the levels whose energy is
given by formula

Em = HfI = sm + a/4d"g s28d

are consideredsthe EBK quantized levels are characteristic
for quantum systems whose classical analogs are integrabled.
We assume that the case when superposition of several

TABLE I. Example of levels identification procedure for three-
bond graph.

En sa1,a2,a3d En sa1,a2,a3d

71.262645 71.285714 s0 0 1d
71.265460 71.289495

71.266667 s0 0 1d 71.290952 s0 1 0d
71.270117 71.294511

71.273678 s0 1 0d 71.295238 s0 0 1d
71.275561 71.297693 s1 0 0d
71.276190 s0 0 1d 71.299853

71.276536 s1 0 0d 71.303880

71.281395 71.304762 s0 0 1d
71.284638 71.308226 s0 1 0d
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Wignerian spacing probability distributions occursswhich
can also produce spacing distribution discontinuityd can be
ruled out due to the knowledge of symmetries or the classical
phase space structure of the system. Distributions of three-
and four-point finite elements will be discussed in the next
section. We have not presented them before because analyti-
cal formulas of these statistical measures rather constitute
mathematical apparatus of our corollary, than are the physi-
cal motivation of stating it. Their earlier discussion would
only blur the main line of our reasoning.

We expect that there might be some systems, not natural
but with specially fitted potentials, for which singularity or
discontinuity of spacing distribution, or finite elements prob-
ability distributions higher derivatives discontinuities do not
guarantee the existence of the regular levels sequence. The
relationship between sequences of the EBK quantized levels
and discontinuities of spacing distributions may also be
questioned on the basis of the above mentioned results of
Podolskiy and Narimanovf8g. However, although in spectra
of the systems considered, levels which can be regarded as
regular or in other words associated with KAM tori exist,
these levels are not of interest for us. It happens because
energies of the EBK quantized levels can be obtained from
the values of quantized motion integrals characterizing one
invariant tori in the phase space. On the other hand, chaos
assisted tunneling occurs between distinct invariant torif19g.
Therefore, corrections to level energies must depend on both
invariant tori’s actionsf20g.

III. DISTRIBUTIONS OF THREE- AND FOUR-POINT
FINITE ELEMENTS

In the papers by Duras and Sokalskif21g an observation
was made that spacing is in general a two-point approxima-
tion of functionEsid=Ei first derivative

si =
D1Esid

D1i
=

1

i + 1 − i
sEi+1 − Eid. s29d

The fact that the probability distribution of the differential
quotient which can be treated as a finite element is used to
characterize quantum systems properties with regard to their
classical dynamics suggests that other finite elements of the
functionEsid might also be helpful in this matter. It is there-
fore interesting whether an analogy of spacing distributions
discontinuities will also be encountered for these new distri-
butions, especially in the context of obtaining some analyti-
cal results. A systematic discussion of the three-point statis-
tical measures developed on the basis of finite elements is
contained inf21g. Here we remind definitions of introduced
there finite elements

Da,fin
1 Ei+1 =

1

2si + 1 − id
s− 3Ei + 4Ei+1 − Ei+2d, s30d

Ds,fin
1 Ei+1 =

1

2si + 1 − id
sEi+2 − Eid, s31d

D2Ei+1 =
1

si + 1 − id2sEi + Ei+2 − 2Ei+1d, s32d

which are three-point asymmetrical first differential quotient,
three-point symmetrical differential quotient, and three-point
symmetrical second differential quotient, respectively. Distri-
butions of these quantities may be considered as supplemen-
tary characteristics of quantum chaos or integrability. To find
formulas for the probability distributions of these quantities
for chaotic systems, an ensemble consisting of 333 random
matrices denoted from here as GOEs3d was used, i.e.,N=3
was assumed in the Rozenzweig-Porter formula; cf.f1,2,22g.
There can also be considered a standard probabilistic model
of three level quantum integrable system spectrum with un-
correlated levels. Such a model will be denoted in the fol-
lowing as Is3d. With the use of models GOEs3d and Is3d
analytical formulas for the reminded above statistical mea-
sures were obtainedf21g. After proper rescaling of the spec-
trum, these finite elements will be referred to with new
names:

Da,fin
1 Ei+1 → Xi+1, Ds,fin

1 Ei+1 → Yi+1, D2Ei+1 → Zi+1.

s33d

Analytical formulas for these statistical measures were de-
rived for ensembles consisting of only three energy levels. It
is possible to expect that the situation encountered in this
case should be similar to the one happening for the Wigner
surmise which, although derived with the use of 232 matri-
ces, stays in a good agreement with the results obtained in
the infinite dimensional matrices limit. To check this issue,
we have performed a computer experiment which proved
predictions about good agreement of obtained analytical for-
mulas and experimental histogramsf23g.

Then, we checked analytically, if there indeed were any
regularities in analytical properties of the obtained probabil-
ity density distributions for introduced finite elements. We
begin the review of these results with formulas obtained for
the chaotic model:

The dimensionless spacing

f S
GOEs2dssd = Qssd

p

2
sexpS−

p

4
s2D , s34d

f S
GOEs2dussdus→0+ =

81

16p
s+ Oss3d

⇒ f S
GOEs2dssd P C0sRd,

f S
GOEs3dssd = Qssd

729

128p2sHSs2 −
8p

9
DFerfS 3s

4Îp
D − 1G

+
4

3
sexpS−

9s2

16p
DJexpS−

27s2

16p
D , s35d

f S
GOEs3dussdus→0+ =

81

16p
s+ Oss3d ⇒ f S

GOEs3dssd P C0sRd.
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The dimensionless three-point asymmetrical first differen-
tial quotient

f X
GOEs3dsxd =

81

228488p2F910Î13px − 315Î13x3

− s390x2 − 2704pdexpS−
441x2

52p
D − Î13xs315x2

− 910pderfS 21x

2Î13p
DGexpS−

27x2

52p
D, x , 0,

s36d

f X
GOEs3dsxd =

81

228488p2F910Î13px − 315Î13x3

+ s1638x2 + 2704pdexpS−
25x2

52p
D + Î13xs315x2

− 910pderfS 5x

2Î13p
DGexpS−

27x2

52p
D, x ù 0,

s37d

and therefore

f X
GOEs3dusxdux→0+ − f X

GOEs3dusxdux→0−

= −
27

2p3x4 + Osx6d ⇒ f X
GOEs3dsxd P C3sRd.

The dimensionless three-point symmetrical first differen-
tial quotient

f Y
GOEs3dsyd = Qsyd

81

4p2yF6y expS−
9y2

p
D

+ s9y2 − 2pdexpS−
27y2

4p
DerfS 3y

2Îp
DG ,

s38d

f Y
GOEs3dusyduy→0+ =

729

2p3y4 + Osy6d ⇒ f Y
GOEs3dsyd P C3sRd.

The dimensionless three-point symmetrical second differ-
ential quotient

f Z
GOEs3dszd =

3

2p
expS−

9z2

4p
D ⇒ f Z

GOEs3dszd P C`sRd

s39d

and continue with the formulas for the integrable one.
The dimensionless spacing

f S
Is3dssd = Qssdexps− sd ⇒ f S

Is3dssd ¹ C0sRd.

The dimensionless three-point asymmetrical first differen-
tial quotient

f X
Is3dsxd =5

1

2
exps2xd for x , 0,

1

2
expS−

2x

3
D for x ù 0,6 s40d

f X
Is3dusxdux→0+ − f X

Is3dusxdux→0−

= −
4

3
x + Osx2d ⇒ f X

Is3dsxd P C0sRd.

The dimensionless three-point symmetrical first differen-
tial quotient

f Y
Is3dsyd = 4yQsydexps− 2yd, s41d

f Y
Is3dusyduy→0+ = 4y + Osy2d ⇒ f Y

Is3dsyd P C0sRd.

The dimensionless three-point symmetrical second differ-
ential quotient

f Z
Is3dszd =

1

2
exps− uzud ⇒ f Z

Is3dszd P C0sRd.

Obtained results are gathered in Table II.
It may be observed that each measure, when calculated

for the chaotic model, belongs to the class of smoother func-
tions in comparison with class of the same measure calcu-
lated for the integrable model. In order to check whether
these regularities preserve when more precise, i.e., built on
the basis of more points expressions are considered, we have
calculated analytical distributions of four-point finite ele-
ments. We have followed the method of Refs.f21g and have
generalized presented there derivation in such a way that
after this modification it can be more easily applied to statis-
tical measures based on an arbitrary number of points. As an
example of the application of this improved method, we have
calculated distributions of five different four-point finite ele-
ments whose specific forms, appropriate for our application,
were obtained from the definition of the finite elementf24g

Z1 = D4,s
1 E5/2 = −

1

24
sE4 − 27E3 + 27E2 − E1d, s42d

W1 = D4,a
1 E3/2 = −

1

24
sE4 − 3E3 − 21E2 + 23E1d, s43d

TABLE II. Smoothness classes of three-point finite elements distributions for chaotic and integrable
modelssfin. elem. stands for finite element and; denotes logical negationd.

GOEs3d Is3d

fin. elem. t x y z t x y z

class C0sRd C3sRd C3sRd C`sRd ,C0sRd C0sRd C0sRd C0sRd

FINITE-ELEMENT DISTRIBUTIONS AS AN… PHYSICAL REVIEW E 71, 046206s2005d

046206-9



Y1 = D4,s
2 E5/2 =

1

2
sE4 − E3 − E2 + E1d, s44d

V1 = D4,a
2 E3/2 =

1

2
s− E4 + 5E3 − 7E2 + 3E1d, s45d

U1 = D4,ps
3 E5/2 = E4 − 3E3 + 3E2 − E1. s46d

These are a four-point pseudosymmetric element approxi-
mating first derivative, a f-p. asymmetric element approxi-
mating first derivativeswhere f-p. stands for four-pointd, a
f-p. symmetric element approximating second derivative, a
f-p. asymmetric element approximating second derivative,
and a f-p. pseudosymmetric element approximating third de-
rivative, respectively. In the case of an integrable model, we
have imposed the requirement that the mean level spacing
should be equal to unity. Then, we have checked whether
both side limits of these distributions derivatives are equal at
zero, i.e., at the point where two parts of these distributions
are joined together. In the case of the chaotic model, we were
unable to calculate probability density distributions. We
were, however, able to compare their Taylor expansions at
both sides of potential discontinuity points. Actual calcula-

tions will be presented in a separate paperf25g and here only
main results will be reviewed. We present full results for the
integrable case whereas for the chaotic model only main con-
clusions will be summarized.

The four-point pseudosymmetric element approximating
first derivative

fZ1
usz1duD=1

=5
16

243D2s13D − 324z1dUexpS24z1

D
DU

D=1
, z1 , 0,

208

243D
UexpS−

12z1

13D
DU

D=1
, z1 ù 0, 6

s47d

lim
z1→0−

fZ1

−8sz1d = −
64

81
, lim

z1→0+
fZ1

+8sz1d = −
64

81
,

lim
z1→0−

fZ1

−9sz1d = −
14336

27
, lim

z1→0+
fZ1

+9sz1d =
256

351
. s48d

The four-point asymmetric element approximating first
derivative

fW1
usw1duD=1 =5

1

3D
UexpS24w1

D
DU

D=1
, w1 , 0,

1

21D
UF23 expS−

24w1

23D
D − 16 expS−

12w1

D
DGU

D=1
, w1 ù 0,6 s49d

lim
w1→0−

fW1

−8 sw1d = 8, lim
w1→0+

fW1

+8 sw1d = 8,

lim
w1→0−

fW1

−9 sw1d = 192, lim
w1→0+

fW1

+9 sw1d = −
2496

23
. s50d

The four-point symmetric element approximating second
derivative

fY1
usy1duD=1 =5

1

D
UexpS2y1

D
DU

D=1
, y1 , 0,

1

D
UexpS−

2y1

D
DU

D=1
, y1 ù 0,6 s51d

lim
y1→0−

f Y1

−8sy1d = 2, lim
y1→0+

f Y1

+8sy1d = − 2. s52d

The four-point asymmetric element approximating the
second derivative

fV1
usv1duD=1

=5
1

35D
UF15 expS2v1

3D
D − 7 expS2v1

D
DGU

D=1
, v1 , 0,

8

35D
UexpS−

v1

2D
DU

D=1
, v1 ù 0, 6

s53d

lim
v1→0−

fV1

−8sv1d = −
4

35
, lim

v1→0+
fV1

+8sv1d = −
4

35
,

lim
v1→0−

fV1

−9sv1d = −
64

105
, lim

v1→0+
fV1

+9sv1d =
2

35
. s54d

The four-point pseudosymmetric element approximating
the third derivative
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fU1
I usu1duD=1 =5

2

9D
UexpS u1

2D
DU

D=1
, u1 , 0,

1

9D2UexpS−
u1

D
Ds3u1 + 2DdU

D=1
, u1 ù 0,6

s55d

lim
u1→0−

f U1

−8su1d =
1

9
, lim

u1→0+
f U1

+8su1d =
1

9
,

lim
u1→0−

f U1

−9su1d =
1

18
, lim

u1→0+
f U1

+9su1d = −
4

9
. s56d

The results obtained for four-point finite elements are
gathered in Table III. When four-point finite elements are
taken into account in the chaotic case, all finite element
distributions—except the symmetric approximation of the
second derivative distribution, which has only the first de-
rivative continuousscompare Table IIId, have all derivatives
up to the third continuous. In the integrable case, there can
be encountered a discontinuity of the firsts52d or second
derivativess48d, s50d, s54d, and s56d of finite elements dis-
tributions. The results, which are gathered in Table III, re-
main in an excellent agreement with the predictions of our
corollary, i.e., distributions calculated for the chaotic and the
integrable systems belong to different smoothness classes. It
is also worth to notice that obtained analytical formulas for

probability distributions, although derived for three- and
four-level ensembles, may be applied to investigations of
real spectra consisting of thousands of levels. Here an anal-
ogy with the wide range of applications of the Wigner sur-
mise derived for an ensemble consisting of two interacting
energy levels and Poissonian distribution which can be ob-
tained for two randomly distributed noninteracting levels,
modeling properties of regular systems spectra can be put
forward. Moreover, an agreement between discussed analyti-
cal results and experimental histograms has been shown ex-
plicitly in f23g for three-point finite-element distributions and
will be demonstrated for four-point finite elements inf25g.

IV. CONCLUSIONS

We have presented several examples of different quantum
systems with some remnants of classical integrability and
described in the form of a corollary the relationship between
properties of statistical measures and Hamiltonian systems’
classical dynamics. We confirmed our observations by an
investigation of the three-point and four-point finite-element
distributions analytical properties. There may be raised a
question that it is hard to judge from the histogram about
discontinuity or singularity of a distribution. This difficulty
can be, however, overcome by the increase of a number of
energy levels taken into account. It is frequently possible due
to the fact that the spectra can be often obtained numerically.
Although our corollary is rather simple, it possesses a wide
range of possible applications: from molecular chemistry,
science of disordered materials through atomic and nuclear
physics, to elementary particle physics and simple models of
quantum mechanics. It may be used for any quantum system
whose spectrum is available, and we are interested in the
existence of the EBK quantized levels in such a system. It
does not guarantee the existence of such levels but shows a
clear direction in further research, and facilitates the distinc-
tion between the system in which one may expect such an
interesting feature from other quantum systems. On the other
hand, the fact that statistical measures constructed on the
basis of finite elements can be used in the task of drawing an
experimental distinction between systems with a different
dynamics, can also be considered as an achievement. It can
be regarded in this way because it extends the range of the
application of this rather recently developed research appa-
ratus.
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