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Regularities encountered for some systems with nongeneric spacing distributions are discussed and a cor-
ollary which connects these regularities with the Einstein-Brillouin-KelEBK) quantized energy levels is
formulated. Properties of quantum systems are investigated with the help of finite elements probability distri-
butions. Analytic properties of three-point finite-element distributions are investigated. Four-point finite-
element distributions for an integrable model are presented. Analytic properties of such distributions for chaotic
and integrable models are discussed.
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I. INTRODUCTION distribution can be derived. It is possible to expect that spac-

The understanding of the connection between spectrdl'd distributions, obtained for systems for which some rem-
properties of classically chaotic systems with a few degree§ants of integrability will preserve should share some com-
of freedom and random matrix thedrRMT) was not imme- mon features with Poissonian distribution. Below we will
diate. The reason was that RMT had been originally develpresent some of such systems paying special attention to
oped in nuclear physics and for a long time had been condiscontinuities of their spacing distributions. After this re-
ceived as a statistical approach to spectral fluctuations ofiew has been completed, we would formulate an appropri-
complex nuclei, atoms, molecules, €ftt,2]. ate corollary, linking this specific feature of spacing distribu-

The applicability of the RMT predictions for quantum tions with one aspect of quantum integrability. We begin our
chaos was not fully recognized until Bohigessal.[3] stated  discussion with the most popular quantum systems.
the conjecture: Spectra of time-reversal invariant systems
whose classical analogues are K systems show the same fluc- Harmonic oscillators
e st s s v 11t pape(S i has been shoun tha or thse syt
matrix ensembles GUE, GSE can be found 12]. The K whosg integrability is rathgr _obV|_ous, a phenomenon of the
systems are classical systems with the strongest mixing. |Ronexistence of spacing dl_strlbutlons or, in other words,_ non-
the same paper, an alternative stronger version of this corRPNvergence of spacing histograms appears. For oscillators
jecture was also stated, wheesystems were replaced by with commensurablg frequencies havihglegrees of free-
less chaotic ergodic systems. Both forms of this conjecturdom. the level density takes the form
are referred to as a Bohigas-Giannoni-Schmit conjecture. For o
other symme’Fry clas_ses, the GQE is replaced k_)y GUE and p(U) => a,8(U - (1'/1)), (1)
GSE, respectively. It is worth noting that this conjecture was 1=0
stated without a reference to the semiclassical regime, i.e., toh . Lo th ber of tationsfor i
the limit 72— 0. The universality of Poisson spacing distribu- wherea, IS equal to the number of permutationsiohonne
tion P(s)=exp-s), obtained by Berry and Tabd#] for in- gative integers whose sumlisThe leading term for largk
tegrable models may be considered as the analog of thvt\a/hICh underestimates its true value is
Bohigas-Giannoni-Schmit conjecture in such cases. But, as it a— 7Y (f- 1! asl — . (2)

will be reviewed in the next section, nearest neighbour spac- ) ) o
ing (NNS) distributions obtained for systems near to beingThe level density formul&l) shows no signs of stochasticity

integrable may be distinctively different from this distribu- @nd the spacing distributions obtained for a particular num-
tion. Therefore, a question appears whether these distriber Of €nergy levels are composed of a separate Dirac’s delta
tions have some common features which would distinguisffunctions. Spacing distributions obtained for two two-
them from those belonging to the chaotic systems. Presentéimensional harmonic oscillators having incommensurate
below concepts were formulated on the basis of an observ4teduencies are presented in Figea)land Xb). There can be

tion that significant in the context of quantum integrability ©PServed strong oscillations and discontinuities of histo-
are smoothness classes of spacing distributions. grams. These examples are representative of the whole class

of oscillators with incommensurate frequencies.
Il. SOME SYSTEMS WITH EXCEPTIONAL
SPACING DISTRIBUTIONS Systems with mixed phase space

Since the publication of the papgt], it has been known In 1984 Berry and Robnik6] calculated semiclassical
that for generic quantum integrable systems Poisson spacifgniting level spacing distributions for systems whose clas-
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FIG. 1. Level spacing distributionsrppo(s) for two-dimensional harmonic oscillators with frequency radio (a) a=1/\2, (b)
=1/y7. For both figures 50 000 levels from 75 000 level were processed.

sical energy surface was divided into separate regions iin such cases, it is expected that, in practice, forni8jlavill
which motion was regular or chaotic. There was made ate applied for finiteN, with N being the number of chaotic
assumption that the spectrum was a superposition of the steegions considered to have the significant measure. From the
tistically independent sequences of levels from each of theeminded result, it is possible to calculate the value of the
classical phase-space regions. Sequences from regular pacing distribution as=0 which is

gions were proposed to have the Poisson spacing distribu- N

tions, and for the ones from irregular regions spacing distri- P(0)=p- lz p_2

butions were given by the Wigner surmige., GOE spacing P

distribution approximation cf.2]). While performing the su- N

perposition of level sequences, it was assumed that there _ l—iE 2

were N sequences of levels with mean densitiggpropor- -p %o P

tional to Liouville measures of appropriate regions. The NNS

distribution for the full spectrum was obtained in the form E:\iz p?
1 N — =p 1—(2N—)2 =0. (4
P(s) = e [ e[| erfc( %pis)] , (3) =P
P =2 We interpret this result as similar to the discontinuity of
where spacing distribution at zerpwith the assumption tha®(s)
. =0 for s< 0] which appears in the Poissonian case.
erfotx) = (2 | dt ot The derivation presented above, from which the nonzero
= eIV value of spacing distribution at zero was obtained, requires

X . .. . .
uniform level densities on the considered interval and, there-

and p==[,p;. For systems with three or more degrees offore, there may appear some questions about its applicability.
freedomf, Arnold diffusion ensures that there is just one The assumption that level sequences supported by different
chaotic region forming a connected web, whereas when regular and irregular regions in the classical phase space are
=2 there are, generically, infinitely many chaotic regipfils  statistically independent, also might not be strictly satisfied.
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Indeed, according to the recent results obtained by Podolskiy 1.0
and Narimanoy{8], when the dynamical tunneling is taken
into account, the prediction about the nonzero value of spac-g g g |
ing distribution at zero no longer holds. As these results are5
relatively new, it is not entirely clear whether the assumption g Y

that “chaos-assisted tunneling leads to the level repulsion.2 06 | Y, 1.0
between any two regular levels via aimtermediate’ staté ,"/

[8], is always true, we have discussed here inferences whict= 0.4 |

e _

trib

eD

a
©
(4]

can be drawn from the Berry-Robnik distribution. ?Es ; N,
. . . 8 0-2 [ '_,'"f 5! | o
The hydrogen atom in the magnetic field - 0.0 0 1 e 3
For such an atom, the Hamiltonian in the homogeneous 0.0 Z , .
constant magnetic fielB in z direction reads 0 1 2 3
Spacing
2
p> €& 1 o2 2
= —-—-ol,t-o{(X*+y), 5
I ZwL( y) ® 1.0

with r=yx2+y?+z%> and wherew, =eB/2mc is the Larmor
frequency. With increasing magnetic field strength it also in- 5 08¢
creases the volume of classical's phase space chaotic part3
When the magnetic field is expressed in natural units, the'g- 06 |

system is described in the rotating frame with the frequencya

ti

equal to Larmor frequency, , and in cylindrical coordinates €

(p=Vx?+y?,2), then for fixedM values, the Hamiltonian B 0.4 |

reads[9] E
3 0.2 |

H 1(p2+p2)+M2 1 +1’}’22 (6) © .“3
=5 52 T3 ST oYP
2\ bz 2p2 Vp2+22 8 0.0 .

wherep, andp, are momenta ip andz directions whiley is Spacing

proportional to the magnetic fiel®. The Hamiltonian(6) has

the scaling property H(p,r,y)=v?H(y 3,3 ,1). FIG. 2. Cumulative nearest spacing distributions for hydrogen

Therefore, all properties of this system depend only on th&tom in magnetic field, in insets spacing distributions themselves.
scaled energye= 7—2/35_ The spacing distribution foe= Levels near ionization threshold are consideredajrfrom interval
-0.12 is similar to GOE distribution. The reason for this [-0-4y;=0.3y]; in (b) from interval [-0.2y;~0.1y]. [Figures re-
similarity is that, in spite of the fact that the Hamiltonigs) ~ Printed with permission from J. Zakrzewski, K. Dupret, and D.
is not invariant under time reversal, it is invariant under thePelande, Phys. Rev. Letf4, 522 (1995. ©1995 by the American
product of a reflection about any axis perpendicular tozhe Physical Society

axis and the time-reversal operator. Zakrzewskial. [9]

made the following observation. Being very close to the ion- Quartic oscillator

ization threshold, the nearest-neighbor spacing distribution
deviates from the Wigner surmise as is shown in Fida) 2
and 2b). This is caused by an almost complete absence of

This system defined by the following Hamiltonian

spacings larger than about 1.7 mean level spacings, whose _ p)2<+ p2¥+ ﬁ+ B +yh 8)
effect is also responsible for the discontinuity of spacing dis- 2 2 4

tribution at this point. The underlying reason for such behav-

ior is that although classical motion is chaotic here, the diawas also analyzed in the manner which was interesting for us
magnetic term in Eq(6) confines the motion only in the i, the Ref.[9]. According to[10,11] and references therein,
(x,y) plane. In thez direction, the electron can move very far {he classical motion of this system is chaotic in the liit
away from the proton. At so large distances, the Hamiltonian_. 9. The spacing distributions for the states of this system

is the sum of two integrable parts which are symmetric and antisymmetric with respect toxhe
2 2 V2 andy axes are replotted in Figs(é88 and 3b), respectively
H = Hgop=H,+H, = Pz_ 2 B _p’ when|z > p. (the parameteﬁ was taken equal to ze)r.oAIso, in the case
2 |4 2 8 of this system, the lack of large spacings can be observed,

@) which manifests itself as a discontinuity of a spacing distri-
bution; cf. Fig. 3a). The occurrence of such an effect can be
It has also been shown if®] that this effect can also be explained by the adiabatic separation of variables in the
described by a regular Hamiltonian coupled to a chaotic on@eighborhood of a certaichannel orbif which is defined as
modeled by a random matrix. an adiabatic well. In such a case, some energies of the sys-
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FIG. 4. The probability density distribution of the dimensionless
spacingfg(s) for one-dimensional box with spin dependent sizes,
there are also presented analytically predicted probability distribu-
tions for I(3) model(dashed linfand GOE3) (dotted ling. Appro-
priate models are defined in Sec. Il and[i8] (plot taken from
[13]).

RMT predictions and experimental data the density of regu-
T lar levels cannot be arbitrarily small.
3
One-dimensional box with spin state dependent size
3 A strange spacing probability distribution plotted in Fig. 4
Spacing had been found in a system introduced by Ruijgrok and

Sokalski[12] and was further investigated by Sutkowski and
FIG. 3. Cumulative nearest neighbor spacing distributions forSokalski[13]. This system consists of a particle which pos-
the qual’tiC oscillator. In insets the paCing distributions. On the |eﬁsesses half |nteger total angular momentum. The part|c|e |S
are shown series of states symmetric with respect toxthad y subjected to a constant magnetic field and moves in a one-
axes. On the right there are shown series of states antisymmetr@mensionm box with hard walls. It is changing its properties
with respect to the(_ andy axes[Figures reprinted with permission (e.g., linear dimensionas a result of the coupling between
gg;n(iéggkéiggls(l’bK.tr?euF,ikrrite?ir;ir?b?e;?:;eésgﬁ Rev. IML  ihe' magnetic field and angular momentum, therefore one
) Y Y y may think of it as of the paramagnetic atom. On the other
hand, it could be assumed that the box extends frano-a
tem are given by the local adiabatic Hamiltonian, which is\yhen the atom is in the sta@,%} and from b to b when it

integrable[11] is in the state|3,-3). It is also assumed thdi>a. The
em=H(S=m+a/d, S, =n+a,ld), 9) Hamiltonian of this system has the form
in formula(9) S, andS, are action components respectively H= |6§+ K%y + V(y), (12)

perpendicular and parallel to the channel orbit apenda
are relevant Maslov indices an@=0.01. Therefore, the
eigenenergies may be written as

with

VAy) = 0.5[V4(y) = Va(y)]&, + [Va(y) + Va(y) 11},
€ym=(—a/b)(m+ /4) + (n+ a, /4)/b, (10
0, ify<|al,

reducing part of the system spectrum to the spectrum of the Vi(y) :{ )
two dimensional harmonic oscillator. The reliability of such +oo, ify>lal,

an approximation, which in fact predicts presence of the .

EBK quantized levels in the spectrum of this system may be Va(V) = 0, ify<lb],

checked in Tables | and Il of Ref11] which contain com- 2y) = +oo, ify>|b|,

parison of eigenenergies numerically computed and obtained o ) )

by means of adiabatic Hamiltoniaho). It should be noticed, Whereoy ando; are Pauli spin matrices. When the spin does
however, that from the analysis of Fig(b3 it is possible to  Not collide with the walls, the equations of motion are inte-

conclude that to obtain significant discrepancies betweegrable, second integral of motion ”3:':1/2ng (where H
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denotes Heisenberg’s pictyré_et us now investigate what
happens when a collision occurs. Since it is almost instanta:
neous, we can neglect the precession of the spin araund
axis whose rate is given by a Larmor frequency. Then, at the
neighborhood of poiny=a the Hamiltonian takes the form

H=pZ+0.5v4(a)(5, + 1) (12)
A (a (b)
and it is easy to verify thaﬁs'z" becomes the second invariant
of motion for this systen{analogous analysis may be per- FIG. 5. (a) Three bond starfb) circle with its diameter.
formed near the second turning pginthe spacing distribu-

tion obtained by us if13], is presented in Fig. 4. Despite the tions are already knowfiL5]. Distributions obtained for both
fact that classical time evolution of the system is almosiof these systems are good approximations of GOE predic-
entirely integrable, the spacing distribution for this systemiions for chaotic systems. However, in spite of what might be
does not reveal the Poissonian character. Instead, a peak cggpected from the considerations concerning topological en-
be observed, which might suggest the existence of a spacingopy, this is not a general rule for quantum graphs. This
distribution singularity for this system. The procedure whichgbservation may be illustrated by results for the three bond
should be performed in order to explicitly show EBK quan-star[cf. Fig. 5a)] with all bonds having different lengths in
tized level in the spectrum of this system is similar to the ONEFig. 6(a) and for the circle with diametdrcf. Fig. 5b)] in
which will be described in the next paragraph for quantumrig. 6(b). In both cases, singularities in the spacing distribu-
graphs. This is a case because for the system consideragbn obtained for those systems can be observed.
there are known appropriate secular equatidos symmet- Moreover, there are, quantum graphs for which, due to
ric and antisymmetric levels, respectivepd2]. Neverthe- their simplicity, it is possible to obtain analytical expressions
less, due to the fact that such procedure in this case is rath@jr spacing distributions. Starting from appropriate spectral
involved and relies on some approximations it will be givenequations the authors of wofll5] were able to find such
elsewhere. formulas for several graphs. Let us begin this short resume
with a graph consisting of two loops attached to a single
vertex forming an eight shape figure, for which spacing dis-
Quantum graphs have recently been the subject of intensgbution has the form
studies[14,15. The graph can be defined as a sew/ofer-
tices connected bB bonds. The eigenfunctions of the graph 1 fO<A<?2
are completely determined by their values at the vertices P(A) =12’ ’ (15)
{@i}. At any bond(i, j), the componen¥; ; can be written as 0, otherwise.

Finite quantum graphs

‘Ai,jx

= Skl (¢ Sink(L;; = x)] + o At sinkx), As another example let us consider a graph composed of a
i

bond and a loop attached to a vertex. For this graph, spacing
(13) distribution has the formP(A)—l,/(I;+1,) when A—0.
Next we would like to present results for the graph having
whereA; j=-A; is a magnetic vector potential ardis the  the shape of three-bond star. It was possible to obtain an
wave number. The substitution df; ;(x) given by (13) for  approximate expression for this graph’s spacing distribution
i,j=1,... Vinto appropriate current conservation conditionsin the case when two bonds have equal lengths, for instance
leads to a set of linear homogeneous equations forpthe  15=1,. Then, for values of, andl, from certain intervals, it is
which has a nontrivial solution when the determinant of itspossible to write the spacing distribution as
coefficient’s matrix equals zero. This condition leads to a | 34,2
secular equation, which can be solved numerically to provide P(A) = 2|1(|2 + _1>|_—2+ L2 A%+ 0(A%), (16)
an arbitrary large sequence of eigenval{les. It occurs that, 4L

for quantum graphs, periodic orbits proliferate exponentially . -
with the length of periodic orbit. Therefore, topological en_whereao is a constant. For graphs with disconnected bonds,

) i.e., those obtained by imposing Dirichlet boundary condi-
tropy, defined as ; : )
tions on the vertices and called sometimes “integrable

In[N( raphs,” the spacing distribution reads
A=lim # (14 arap . np g ]
| —o0
|k I I LtOI
. o . . PA)=> > —<—L| TI (1——' ) @(——A

wherel is the length of the periodic orbit and(l) is the total k=1 j =k Ltot Lot | i2{jk Liot Iy
number of orbits of length<l, has a positive value and is .
approximately equal to an average valency of a vertex. The g 11 1i A Liot
phase space of such systems is bounded and, therefore, the * Liot| 121 1- L, - l, ) 17)

dynamics of particles is mixing16]. For some quantum
graphs like, for example, for tetrahedron and completelywherel, is the largest length of the graph, abg,==I;.
connected pentagon numerically obtained spacing distribuifhe Poisson distribution is obtained in the linhjfL,— O.
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FIG. 6. The probability density distribution of the dimensionless spacingfj@p{s) for: (a) three bond star(b) circle with its
diameter.

Another distinctive feature of spacing distributions obtainedspacing distribution are obtained. However, in the case of
from the formula(17) is the existence of maximum spacing. some graphs, where parts of this sum are relatively simple,
Presented results show that, for simple graphs, spacingome levels which are poles of different parts of the $L8)
distributions generally depend on the topology of the considmight be quantized according to the EBK rules. Below, we
ered graph and are significantly different from GOE distribu-present obtained factorizations of spectral equations for sev-
tion. Such a distribution should be expected for systems witleral simple graphs. The possibility of performing such fac-
presently considered symmetry properties whose classicabrizations means that the spectra can be decomposed into
dynamics is mixing. A more careful look at their continuity several subspectra. As will be shown after the presentation of
properties shows that they possess one common feature. Asfitese examples, usually one part of obtained equations has
can be easily seen, distributiofls5)—(17) can be character- zeros which are given by a very simple formula allowing to
ized by nonzero values for null spacing, or in other words bywrite corresponding energies in the form which resembles
discontinuity of spacing distribution at null spacing indicat- the EBK quantization condition.
ing, characteristic for integrable systems, clustering of levels First, we consider an eight shape graph. The numerator of

[4]. the secular equation takes the form
The correlation between a simple structure of the graph

for all discussed here simple graphs and properties of ob- ) ) ) _
tained for them spacing distributions seems to be evident. It SiN(kl2coskly) —sin(kl;) + sin(kly)cogkl,) - sin(kly) =0
can be understood when properties of the propagator are (19
taken into account. In the case of multiple connected spaces,

It can be written as. a sum over irreducible loops in the €ONand the whole equation after the factorization of the numera-
figuration spac¢l17]:

tor and simplification reads

K" x',E) = 2 Xq f DIx(t)]e SO (18)
o sink(l, +1,)/2][cogkl,/2)cogkl,/2)]=0.  (20)

In the general case, when explicit expression of fornji&
becomes very complicateld 8], the levels with GOE like Then for a loop and a bond connected to a vertex one has
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TABLE I. Example of levels identification procedure for three- connected bonds is trivial, since the eigenvalues are obtained

bond graph. from equations
E, (aq, ar, a3) E, (ay, @, @) sinkl; =0, for alli.
71.262645 71.285714 001 From presented calcglations performed for several simple
71265460 71289495 qugntum graphs, we infer that for' eqch of.the_se graphs the
712 7 212 ) 1 existence of some important periodic orbit with lendth
26666 ©o01 29095 010 which may be written as a linear combination of graph’s
71.270117 71.294511 lengthsL=3;l;, may be postulated. Such an orbit may be
71.273678 010 71.295238 00D then associated with a certain irreducible lopm the phase
71.275561 71.297693 (100 space of the graph. The action along this loop is given by
71.276190 (001 71.299853 1 1 1 2mar
71.276536 (100 71.303880 l,= = ik dx=_—hk,L=—A——L=mh. (26)
71.281395 71.304762 001 2m]y 2m 27 L
71.284638 71.308226 (010 In formula (26) we have used the fact that, for all our ex-
amples, the value of a wave vectoris given by zeros of
_ _ function sinkL/2) and, thereforek,=2m=/L. Energies of
2 cogkly)cogkly) — 2 cogkly) = sin(kly)sin(kl) =0 these levels are therefore given by the usual EBK formula
21) En=H(,=mh), 27
and the numerator can be simplified to whereH is a classical Hamiltonian and appropriate Maslov
2 sin(kl,/2)[ 2 sin(kl,/2)cogkl,) + sin(kl;)cogkl,/2)] = 0. index equals zero. Our point is that the form(2¥) holds
(22) only for certain energies, where the wavelength of the wave

function distinguishes one closed loop in the phase space of
As the last but one example, we would like to take threethe system considered, which gives the origin to the EBK

bond star graph quantization condition. Therefore, such a phenomenon has
i , no classical analogy. Proposed explanation does not contra-
sin(kly)cos(kly)cogkls) + cogkly)sin(kly)coskly) dict the fact that the value of particular energy level should
+ cogkl;)cogkly)sin(kly) = 0. (23)  be obtained by means of performing an infinite summation

. , . _over all possible closed orbits. Our procedure differs from
The secular equation for this system can also be written ig,e generic case only by the summation of paths belonging to

the form this special irreducible loop in the phase space, which is
{sinlk(ly + 15 +13)] + sin(kl)sin(klp)sin(kl3)} possible due to the additive properties of the form{1).
) i ) o Therefore, in this way we are able to obtain only a part of the
X [sin(kly)sin(kly)sin(klz)]==0. (24 energy spectrum.

The second factor of this equation does not provide any new F'om the above presented examples it can be inferred that
zeros. The first one, however, has a simple structure but it i€VeN Slight remnants of regular behavior of quantum sys-
not written as a product. Therefore, we have performed nul€MS, by which we mean the presence in their spectra of the
merical investigations in order to check if the values of en-EBK quantized energy levels are correlated with discontinui-
ergy levels are somehow correlated with linear combinationd®S Of spacing of the systems considered. This observation

of bond lengths. We have checked values of the wave vectdi@! P€ generalized and written in a form of a corollary de-
written in the form scribing the connection between finite elements distributions

and integrability of quantum systems.

3 Corollary. Discontinuity or singularity of the spacing dis-
k= 77/ (E ai'i) forey=-3,-2,....3 (25 tribution may be taken as a premise that in the spectrum of a
=1 guantum system exists a sequence of energy levels which are
for the three-bond star with bond lengths=148.492424, almost exactly quantized in accordance with the Einstein-
|,=181.8653348|,=329.8672287. In Table I, we present a Brillouin-Keller formula. The same may be expected if ap-
small part of the obtained results. For 10 000 checked in thigropriate higher derivatives discontinuities appear for sig-
manner levels from the middle part of the obtained earliemnificant three- and four-point finite elements probability
spectrum consisting of 80 000 levels, we have been able tdistributions.
identify 4504 levels always obtaining=/l, where i As the EBK quantized levels, the levels whose energy is
=1,2,3. Thesame procedure with the same accuracy whergiven by formula
applied to the spectrum of graph having the shape of tetra-
hedron failed to identify any levels. Therefore, we conclude
that, also in this system, it is possible to decompose thare consideredthe EBK quantized levels are characteristic
energy spectrum into several subspectra, among which sefer quantum systems whose classical analogs are integrable
eral are very easy to compute. The case of graphs with disAle assume that the case when superposition of several

E,=H[l = (m + a/4)h] (28)
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Wignerian spacing probability distributions occuwhich ) 1
can also produce spacing distribution discontinuitgn be A%Eiq = m(Ei +Ejip— 2E4), (32)
ruled out due to the knowledge of symmetries or the classical
phase space structure of the system. Distributions of threewvhich are three-point asymmetrical first differential quotient,
and four-point finite elements will be discussed in the nexthree-point symmetrical differential quotient, and three-point
section. We have not presented them before because analysymmetrical second differential quotient, respectively. Distri-
cal formulas of these statistical measures rather constitutieutions of these quantities may be considered as supplemen-
mathematical apparatus of our corollary, than are the physiary characteristics of quantum chaos or integrability. To find
cal motivation of stating it. Their earlier discussion would formulas for the probability distributions of these quantities
only blur the main line of our reasoning. for chaotic systems, an ensemble consisting ®f3random
We expect that there might be some systems, not naturahatrices denoted from here as G@Ewas used, i.eN=3
but with specially fitted potentials, for which singularity or was assumed in the Rozenzweig-Porter formula)ic2,22.
discontinuity of spacing distribution, or finite elements prob-There can also be considered a standard probabilistic model
ability distributions higher derivatives discontinuities do not of three level quantum integrable system spectrum with un-
guarantee the existence of the regular levels sequence. Therrelated levels. Such a model will be denoted in the fol-
relationship between sequences of the EBK quantized levelswing as (3). With the use of models GGB) and 3)
and discontinuities of spacing distributions may also beanalytical formulas for the reminded above statistical mea-
questioned on the basis of the above mentioned results &lres were obtaind@1]. After proper rescaling of the spec-
Podolskiy and Narimanol8]. However, although in spectra trum, these finite elements will be referred to with new
of the systems considered, levels which can be regarded asmes:
regular or in other words associated with KAM tori exist,
these levels are not of interest for us. It happens because AlEir1— Xivr, AginEiva— Yisr, A%Eis— Zisg.
energies of the EBK quantized levels can be obtained from (33
the values of quantized motion integrals characterizing one
invariant tori in the phase space. On the other hand, chao&nalytical formulas for these statistical measures were de-
assisted tunneling occurs between distinct invariant fi8]. rived for ensembles consisting of only three energy levels. It
Therefore, corrections to level energies must depend on botls possible to expect that the situation encountered in this
invariant tori’s actiong20]. case should be similar to the one happening for the Wigner
surmise which, although derived with the use of 2 matri-
ces, stays in a good agreement with the results obtained in
IIl. DISTRIBUTIONS OF THREE- AND FOUR-POINT the infinite dimensional matrices limit. To check this issue,
FINITE ELEMENTS we have performed a computer experiment which proved

In the papers by Duras and Sokal§Ril] an observation predictions about good agreement of obtained analytical for-
y mulas and experimental histograf2s].

was made that spacing is in general a two-point approximas Then, we checked analytically, if there indeed were any

tion of function&(i) =&, first derivative regularities in analytical properties of the obtained probabil-
AlE(|) 1 ity qlensity di_stributions for introduged finite elemen_ts. We
: (E.+1 E). (29) begin the review of these results with formulas obtained for
Al i+1- the chaotic model:
The dimensionless spacing

The fact that the probability distribution of the differential

quotient which can be treated as a finite element is used to f GORR)(g) = ®(s)£s ex;{— 7_Tsz> (34)
characterize quantum systems properties with regard to their S 47 )’

classical dynamics suggests that other finite elements of the

function E(i) might also be helpful in this matter. It is there- 81

fore interesting whether an analogy of spacing distributions f SOH2) (g)[5 o+ = ——s+O(s%)
discontinuities will also be encountered for these new distri- 16m

butions, especially in the context of obtaining some analyti-

cal results. A systematic discussion of the three-point statis- 0 f $989(s) e COR),
tical measures developed on the basis of finite elements is
contained in21]. Here we remind definitions of introduced 3s
there finite elements f SOH3(s) = A(s) (sz— —) f( —|-1
12&72 a4
1 4 o¢? 275
Al n=——(—3E +4E,, - E.y), 30 = - = _==
afln i+1~ 2] +1_|)( i i+1 i 2) (30) +3S€X[< 1677)}exp< 167 )" (35
N R (= T =) (31) £ 089 (g))_ o= s+ O(H) 0 £ EO89(9) < COR).
s fin—=i+1— 2( +1- ) i+2~ &) S s 167 s
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TABLE II. Smoothness classes of three-point finite elements distributions for chaotic and integrable
models(fin. elem. stands for finite element arddenotes logical negation

GOE3)

1(3)

fin. elem. t X y
class CUR) C¥(R) C¥(R)

C*(R)

t X y z
~CY(R) CYR) CYR) CUR)

The dimensionless three-point asymmetrical first differen-

tial quotient
f GOB3) () = _ 81 1 910/13mx - 315/13¢
X 22848872
5 443\ — 5
- (390¢% - 2704m)exp - = - V13x(315x
ar
21x 27%°
-910nerfl —| |lexp—— |, x<0,
2\137 527
(36)
f GOE3)(x) = — 81 1 910/3mx - 315/13¢
X 22848872
5 25x2 — 5
+(1638¢ + 2704m)exp| — o)t V13x(315¢
aT
5x 27%2
-910n)erfl —| |exp ——— |, x=0,
2V13m 521
(37)

and therefore

f SO (%) |or = T SO ()0

27
==X 00 0 f Hx) e 3R

The dimensionless three-point symmetrical first differen-

tial quotient

81 9y?
F5Oy) = ®(y)gzy{6y exp(- %)

2
+(9y? - 21-r)exp<— iﬂ)erf(‘?_y_)] ,

T 2\1’ T
(38)

729
VO Wlyor= 5 3y +00A) O 1°5(y) € CR).

fi¥(s)=0(g)exp-s) O f2(s) & CUR).
The dimensionless three-point asymmetrical first differen-
tial quotient

1 exp(2x)

1 2X
= exp(— —) for x=0,
2 3

33 o = T %2 Kxo-

for x <0,

3300 = (40)

4
==X+ o) 0 ¥ (x) e CUR).

The dimensionless three-point symmetrical first differen-
tial quotient

£19(y) = 4y@(y)exp(- 2y), (41)

1 Wly-o =4y + 00" 0 113y e C°R).

The dimensionless three-point symmetrical second differ-
ential quotient

@)= % exp(-|2) 0 f77(2) e COR).

Obtained results are gathered in Table II.

It may be observed that each measure, when calculated
for the chaotic model, belongs to the class of smoother func-
tions in comparison with class of the same measure calcu-
lated for the integrable model. In order to check whether
these regularities preserve when more precise, i.e., built on
the basis of more points expressions are considered, we have
calculated analytical distributions of four-point finite ele-
ments. We have followed the method of Rgf&1] and have
generalized presented there derivation in such a way that
after this modification it can be more easily applied to statis-
tical measures based on an arbitrary number of points. As an
example of the application of this improved method, we have
calculated distributions of five different four-point finite ele-

The dimensionless three-point symmetrical second differments whose specific forms, appropriate for our application,

ential quotient
3 97
f 209 = — exp(— —) 0 15°%9) e c*(R)
21 4
(39

and continue with the formulas for the integrable one.
The dimensionless spacing

were obtained from the definition of the finite elemgad]

1
S Ea—2TEs +2TE,—Ey), (42

Z,= Azll,sES/z == Y

1
_(E4 - 3E3 - 21E2 + ZE]_) y (43)

W, = Af Egp=- 24
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) 1 tions will be presented in a separate pa@& and here only

Y1=84Es0=S(Ea—Bs B+ By, (44 main results will be reviewed. We present full results for the
integrable case whereas for the chaotic model only main con-
clusions will be summarized.

1 The four-point dosymmetric element roximatin
V. = A2 = Z(=E,+5E,— 7E, + 3E,), 45 _ four-p pseudosymmetric element approximating
1= 8% Ear2 2( 4 3 2 J (45) first derivative

.3 B fz, (z)lp=1

Uy =A% pEs2=E4— 3E3+ 3B, - E;. (46) 6 ot
These are a four-point pseudosymmetric element approxi- @(13D‘32421) exp(f) . a<o,
mating first derivative, a f-p. asymmetric element approxi- = D=1
mating first derivative(where f-p. stands for four-pointa 208 ext — %) 2=0
f-p. symmetric element approximating second derivative, a 243D 13D/ | po 1 ’
f-p. asymmetric element approximating second derivative, (47)
and a f-p. pseudosymmetric element approximating third de-
rivative, respectively. In the case of an integrable model, we 64 64
have imposed the requirement that the mean level spacing lim ;' (z)=-—, lim f;’(zl) =——
should be equal to unity. Then, we have checked whether 70" 70t 1
both side limits of these distributions derivatives are equal at
zero, i.e., at the point where two parts of these distributions 14336 256

. - _ +n —
are joined together. In the case of the chaotic model, we were lim f7/(z)) =~ 27 lim f7)(z) = 351° (48)
unable to calculate probability density distributions. We 10 a0

were, however, able to compare their Taylor expansions at The four-point asymmetric element approximating first
both sides of potential discontinuity points. Actual calcula-derivative

1 p( 24w1)
— ex
3D D

fw, (Wi)[p=1= 1 o 19w (49)
P [23 ex;{— —1) - 16 expy - —1”
21D 23D D

lim fi (w)=8, lim fi (wy)=8, fv, (v1)|p=1

w;—0" W:|_~>07L
1 2U1 20
—— | 15exp —= |- 7exg — , 01 <0,
) 38D 3D D /||py

2496
lim fy, (wy) =192, lim fy (W) =——=—. (50 8 exp(— ﬂ) , v,=0,
w0t w0t 23 35D 2D/ | py
The four-point symmetric element approximating second (53
derivative
1 p<2y1>
— expl — . Y1 <0, . ., o 4
D D - lim )/ (v)=—-=, Ilim f/(v)=-=,
fy, (y)lp=1= o (51) v1—0" " 35 v1—0" Vi 35
1 1 p< 2y1>
— expl - — , Y1=0,
D D /lp=1
L, - N 64 . 2
lim f{(y)=2, Ilim fJ(y)=-2. (52) lim )/ (v)=—7—, lim fJ(vy)=—. (54
- . - 105 s V1 35
y1—0 y1—0 v1—0 v1—0

The four-point asymmetric element approximating the The four-point pseudosymmetric element approximating
second derivative the third derivative
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TABLE Ill. Smoothness classes of four-point finite elements probability distributions, although derived for three- and
distributions for chaotic and integrable modéis. elem. stands for  four-level ensembles, may be applied to investigations of
finite element In the case of the chaotic modé}(R) means that real spectra consisting of thousands of levels. Here an anal-

the function belongs to at lea§#(R) class. ogy with the wide range of applications of the Wigner sur-
mise derived for an ensemble consisting of two interacting
GOK4) energy levels and Poissonian distribution which can be ob-
. tained for two randomly distributed noninteracting levels,
fin. elem. z w y v u modeling properties of regular systems spectra can be put
class AR AR MR R AR forward. Moreover, an agreement between discussed analyti-
cal results and experimental histograms has been shown ex-
14 plicitly in [23] for three-point finite-element distributions and
fin. elem. 7 W y v u will be demonstrated for four-point finite elements[&b].
class CYR) c{R C°(R) CYR) CYR) IV. CONCLUSIONS

We have presented several examples of different quantum
2 systems with some remnants of classical integrability and
U, . . . .
— ex —) , Uy <0, described in the form of a corollary the relationship between
9D 2D/ | p=1 properties of statistical measures and Hamiltonian systems'’
u, classical dynamics. We confirmed our observations by an
o2 A7 p Bu+2D)| , u=0, investigation of the three-point and four-point finite-element
distributions analytical properties. There may be raised a
question that it is hard to judge from the histogram about
discontinuity or singularity of a distribution. This difficulty
i _ 1 ) . 1 can be, however, overcome by the increase of a number of
im fy =g, lim fyu)=g, energy levels taken into account. It is frequently possible due
U0 U0 to the fact that the spectra can be often obtained numerically.
Although our corollary is rather simple, it possesses a wide
range of possible applications: from molecular chemistry,
science of disordered materials through atomic and nuclear
physics, to elementary particle physics and simple models of
The results obtained for four-point finite elements arequantum mechanics. It may be used for any quantum system
gathered in Table Ill. When four-point finite elements arewhose spectrum is available, and we are interested in the
taken into account in the chaotic case, all finite elemenexistence of the EBK quantized levels in such a system. It
distributions—except the symmetric approximation of thedoes not guarantee the existence of such levels but shows a
second derivative distribution, which has only the first de-clear direction in further research, and facilitates the distinc-
rivative continuougcompare Table I), have all derivatives tion between the system in which one may expect such an
up to the third continuous. In the integrable case, there caimteresting feature from other quantum systems. On the other
be encountered a discontinuity of the fil§2) or second hand, the fact that statistical measures constructed on the
derivatives(48), (50), (54), and(56) of finite elements dis- basis of finite elements can be used in the task of drawing an
tributions. The results, which are gathered in Table IIl, re-experimental distinction between systems with a different
main in an excellent agreement with the predictions of ourdynamics, can also be considered as an achievement. It can
corollary, i.e., distributions calculated for the chaotic and thebe regarded in this way because it extends the range of the
integrable systems belong to different smoothness classes.dpplication of this rather recently developed research appa-
is also worth to notice that obtained analytical formulas forratus.

fu'l (U1)|D=1:

D=1

1 4
lim fJ'(u)=—, lim f(u)=-=. (56)
u—0~ Ul 18 u1H0+ Ul 9
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